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Abstract
We study the CP conserving and violating contributions to the decay of KL → γνν¯
in the standard model. In our analysis, we use the form factors for K → γ transitions
calculated directly in the entire physical range of momentum transfer within the light
front model. We find that the branching ratios for the CP conserving and violating parts
are about 1.0× 10−13 and 1.5× 10−15, respectively.
1 Introduction
With the prospect of a new generation of ongoing kaon experiments, a number of
rare kaon decays have been suggested to test the Cabibbo-Kobayashi-Maskawa (CKM) [1]
paradigm. However it is sometimes a hard task to extract the short-distance contribution,
which depends on the CKM matrix, because of large theoretical uncertainties in the
long-distance contribution to the decays [2]. To avoid this difficulty, much of recent
theoretical work as well as experimental attention has been on searching for the two
modes: K+ → π+νν¯ and KL → π0νν¯. It is believed that the long-distance contributions
in these two modes are much smaller than the short-distance ones and therefore they are
negligible [3, 4, 5, 6].
It has been shown that the decay branching ratio of K+ → π+νν¯ is close to 10−10
[7, 8] arising dominated from the short-distance loop contributions containing virtual
charm and top quarks. This decay is a CP conserving process and probably the cleanest
one, in the sense of theoretical uncertainties, to study the absolute value of the CKM
element Vtd. Currently, the E787 group at BNL [9] has seen one event for the decay with
the branching ratio of B(K+ → π+νν¯) = 1.5 +3.5−1.3 × 10
−10, which is consistent with the
standard model prediction, and it is expected that there will be several events when the
analysis is complete. The approved experiments of E949 at BNL and E905 at FNAL [10]
will have the sensitivities of 10−11 and 10−12, respectively.
On the other hand, the decay KL → π0νν¯ depending on the imaginary part of Vtd is a
CP violating process [11] and offers a clear information about the origin of CP violation.
In the standard model, it is dominated by the Z-penguin and W-box loop diagrams with
virtual top quark and the decay branching ratio is found to be at the level of 10−12 [7, 8],
whereas the current experimental limit is less than 5.9× 10−7 given by the experiment of
E799 at FNAL [12]. Several dedicated experimental searches [13] for this decay mode are
underway at KEK, BNL and FNAL, respectively. However, from an experimental point
of view very challenging efforts are necessary to perform the experiments. This is because
all the final state particles are neutral and the only detectable particles are 2γ’s from π0.
As an alternative search, it was proposed [14] to use the decay of KL → π+π−νν¯.
But, the decay branching ratio is small and the background for π+π− is large [15]. In this
paper, we study the radiative decay of KL → γνν¯, where there is one photon at the final
states. The mode has been considered previously in Refs. [16, 17, 18] and it is believed
that the decay is short distance dominated [17, 18]. However, the decay branching ratio
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predicted in Ref. [17] and [18] does not agree with each other. Furthermore, all the
discussions were confined in the CP conserving contribution due to the vector part of
the structure-dependent amplitudes [17, 18]. The decay branching ratio was found at
the levels of 10−11 and 10−13 in Refs. [17] and [18], respectively, which are about two
orders of magnitude different. To clarify the issue, we will re-examine the decay by using
the form factors of K → γ transition calculated directly in the entire physical range of
momentum transfer within the light front framework. We will study both CP conserving
and violating contributions to the decay branching ratio, respectively.
The paper is organized as follows. In Sec. 2, we present the relevant effective Hamil-
tonian for the radiative decay of KL → γνν¯ and study the form factors in the K0 → γ
transition within the light front framework. In Sec. 3, we calculate the decay branching
ratio. We also compare our result with those in literature [17, 18]. We give our conclusions
in Sec. 4.
2 Effective Hamiltonian and Form Factors
The processes of KL → νlν¯lγ (l = e , µ , τ), arise from the box and Z-penguin diagrams
that contribute to s → dνlν¯l with the photon emitting from the charged particles in the
diagrams. The effective Hamiltonian for s → d νν¯ at the quark level in the standard
model is given by
Heff(s→ d νν¯) = GF√
2
α
2π sin2 θW
∑
l=e,µ,τ
(
λc X
l
NL + λt X(xt)
)
·d¯γµ(1− γ5)sν¯lγµ(1− γ5)νl , (1)
where xt = m
2
t/M
2
W , λi = V
∗
isVid (i = c, t) represent the products of the CKM matrix
elements, and the functions of X lNL and X(xt) correspond to the top and charm contribu-
tions in the loops with the next-to-leading logarithmic approximation, respectively, and
their expressions can be found in Ref. [19]. In the Wolfenstein parameterization, we have
Reλc = −λ(1− λ
2
2
) ,
Reλt = −(1 − λ
2
2
)A2λ5(1− ρ+ λ
2
2
ρ) ,
Imλc = Imλt = A
2λ5η . (2)
For Phenomenological applications, we use
X(xt) = ηX ·X0(xt) (3)
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where
ηX = 0.994 ,
X0(xt) =
xt
8
[
− 2 + xt
1− xt +
3xt − 6
(1− xt)2 ln xt
]
, (4)
with the MS definition of the top-quark mass, mt ≡ m¯t(mt) = (166 ± 5) GeV . For the
charm sector, from the Table 1 in Ref. [19], for example, one has
Xe,µNL = 11.00× 10−4 ,
XτNL = 7.47× 10−4 , (5)
with the central values of the QCD scale Λ = Λ
(4)
MS
= (325 ± 80) MeV and the charm
quark mass mc = m¯c(mc) = (1.30± 0.05) GeV .
From the effective Hamiltonian in Eq. (1), we see that to find the decay rate, we have
to evaluate the hadronic matrix element: < γ|Jµ|K0 >, where Jµ = d¯γµ(1 − γ5)s. The
element can be parameterized as follows:
< γ(q)|d¯γµγ5s|K0(p+ q) > = −e FA
MK
[ǫ∗µ(p · q)− (ǫ∗ · p)qµ]
< γ(q)|d¯γµs|K0(p+ q) > = −ie FV
MK
ǫµαβγǫ∗αpβqγ (6)
where q and p + q are photon and K-meson four momenta, FA and FV are form factors
of axial-vector and vector, respectively, and ǫ is the photon polarization vector.
The form factors of FA and FV in Eq. (6) can be calculated in the light front quark
model at the time-like momentum transfers in which the physically accessible kinematic
region is 0 ≤ p2 ≤ p2max and they are found to be [20, 21, 22]
FA(p
2) = −4MK
∫
dx′d2k⊥
2(2π)3
Φ
(
x, k2
⊥
) 1
1− x
×
{
1
3
−ms +Bk2⊥Θ
m2s + k
2
⊥
− 2
3
md − Ak2⊥Θ
m2d + k
2
⊥
}
, (7)
FV (p
2) = 4MK
∫
dx′d2k⊥
2 (2π)3
Φ
(
x, k2
⊥
) 1
1− x{
1
3
−ms − (1− x)(ms −md)k2⊥Θ
m2s + k
2
⊥
− 2
3
md − x (ms −md) k2⊥Θ
m2d + k
2
⊥
}
, (8)
where
A = (1− 2x′)x(ms −md)− 2x′md ,
3
B = [(1− 2x′)x− 1]ms + (1− 2x′)(1− x)md ,
Φ(x, k2
⊥
) = N
(
2x(1− x)
M20 − (md −ms)2
)1/2√
dkz
dx
exp

− ~k2
2ω2K

 ,
Θ =
1
Φ(x, k2
⊥
)
dΦ(x, k2
⊥
)
dk2
⊥
,
x = x′
(
1− p
2
M2K
)
, ~k = (~k⊥, ~kz) , (9)
with
N = 4
(
π
ω2K
) 3
4
,
kz =
(
x− 1
2
)
M0 +
m2s −m2d
2M0
,
M20 =
k2
⊥
+m2d
x
+
k2
⊥
+m2s
1− x , (10)
and ωK being chosen to be 0.34 GeV fixed by the decay constant of fK = 160 MeV .
To illustrate the form factors, we input the values ofmd = 0.3,ms = 0.4, andMK = 0.5
in GeV to integral whole range of p2. It is interesting to note that at p2 = 0, we get that
(FA(0), FV (0)) = (0.0429, 0.0915) comparing with (0.0425, 0.0945) found in the chiral
perturbation theory at the one-loop level [23].
3 Decay Branching Ratios
From the effective Hamiltonian for K0 → γνν¯ in Eq. (1) and the form factors defined in
Eq. (6), we can write the amplitude of K0 → γνν¯ as
M(K0 → γνν¯) = iGF√
2
α
2π sin2 θW
∑
l=e,µ,τ
(
λc X
l
NL + λt X(xt)
)
·ǫ∗µHµν u¯(pν¯)γν(1− γ5)v(pν) , (11)
with
Hµν =
FA
MK
(−p′ · q gµν + p′µqν) + iǫµναβ
FV
MK
qαp
′β . (12)
where p′ is the four momentum of K0 and the form factors FA,V are given by Eqs. (7)
and (8), respectively. Since KL ≃ K2 = (K0 − K¯0)/
√
2, we may write
M(KL → γνν¯) = MCPC +MCPV (13)
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whereMCPC andMCPV are the amplitudes corresponding to CP conserving and violating
contributions, respectively, which are given by
MCPC = −GF√
2
α
2π sin2 θW
2√
2
∑
l=e,µ,τ
(
Reλc X
l
NL +Reλt X(xt)
)
·ǫµναβ FV
MK
ǫ∗µqαp′β u¯(pν¯)γν(1− γ5)v(pν) , (14)
and
MCPV = −GF√
2
α
2π sin2 θW
6√
2
Imλt X(xt)
· FA
MK
ǫ∗µ(−p′ · q gµν + p′µqν)u¯(pν¯)γν(1− γ5)v(pν) . (15)
Here we have neglected the imaginary part of Imλc forMCPV .
To evaluate the branching ratio, one needs to replace p2 into (p′, q). In the physical
allowed region of KL → γνν¯, one has that
0 ≤ p2 ≤M2K . (16)
In the KL rest frame, the partial decay rate of KL → γνν¯ is given by
d2Γ =
1
(2π)3
1
8MK
| M |2 dEγdEν . (17)
where we have used two variables to describe the kinematic of the decay. For convention,
we define xγ = 2Eγ/MK and xν = 2Eν/MK as the normalized energies of the photon and
and neutrino, respectively, and we have the form
p2 = M2K(1− xγ) . (18)
The differential decay rate is then given by
d2Γ
dxγdxν
=
MK
256π3
|M|2 . (19)
By integrating the variable xν , we obtain
dΓ
dxγ
=
dΓCPC
dxγ
+
dΓCPV
dxγ
, (20)
where
dΓCPC
dxγ
=
4α
3
(
GFα
16π2 sin2 θW
)2 ∑
l=e,µ,τ
(
Reλc X
l
NL +Reλt X(xt)
)2
·|FV |2x3γ(1− xγ)M5K , (21)
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and
dΓCPV
dxγ
= 4α
(
GFα
16π2 sin2 θW
)2
(Imλt X(xt)FA)
2 x3γ(1− xγ)M5K . (22)
To illustrate the numerical results, we use md = 0.3 GeV , ms = 0.4 GeV , mt =
166 GeV , mc = 1.30 GeV , MK = 0.5 GeV , Λ = 325 MeV , α(MZ) = 1/128, sin
2 θW =
0.23, ω = 0.34, and the CKM parameters [2, 24, 25] of λ = 0.22, A = 0.83, ρ = 0.13,
and η = 0.34. The differential decay branching ratios of dB(KL → γνν¯)CPC/dxγ and
dB(KL → γνν¯)CPV /dxγ as a function of xγ = 2Eγ/MK are shown in Figs. 1 and 2,
respectively. The decay branching ratios are found to be
B(KL → γνν¯)CPC = 1.0× 10−13 , (23)
B(KL → γνν¯)CPV = 1.5× 10−15 . (24)
From Eqs. (23) and (24), we find that the CP conserving contribution to the decay
branching ratio is about a factor of 67 larger than that from CP violating one. It is clear
that the numerical values in (23) and (24) depend on the values of the CKM parameters
of ρ and η, respectively. Nevertheless, one could conclude that a measurement of the
decay would determine the real part of Vtd.
We now compare our numerical result of the CP conserving contribution in Eq. (23)
with those in Refs. [17] and [18]. Our value is about two orders of magnitude and a
factor 2 smaller than that in [17] and [18], respectively. The main reason for the former
difference is due to a factor 2 was missed in Eq. (28) of Ref. [18], whereas that for the
later one is unclear. It seems that one needs to re-study the approach in Ref. [17]. Finally,
we remark that the ratio between the CP conserving and CP violating branching rates
agree with that estimated in Ref. [18].
4 Conclusions
We have studied the CP conserving and violating contributions to the decay of KL → γνν¯
in the standard model. With the form factors for K → γ transitions calculated directly
in the entire physical range of momentum transfer within the light front framework, we
have shown that the CP conserving part is much larger than that from CP violating one.
We have found that the decay branching ratio is at the level of 10−13, which could be
accessible at a future kaon project such as the KAMI at FNAL [15].
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Fig. 1. The differential decay branching ratios dB(KL → γνν¯)CPC/dxγ as a function of
xγ = 2Eγ/MK .
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Fig. 2. The differential decay branching ratios dB(KL → γνν¯)CPV /dxγ as a function of
xγ = 2Eγ/MK .
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